The light-scattering spectra of molecular liquids are derived within a generalized hydrodynamics. The wave-vector and scattering-angle dependencies are given in the most general case and the change of the spectral features from liquid to solidlike is discussed without phenomenological model assumptions for ͑gen-eral͒ dielectric systems without long-ranged order. Exact microscopic expressions are derived for the frequency dependent transport kernels, generalized thermodynamic derivatives, and the background spectra.
and translational degrees of freedom.
Here, we clarify that generalized hydrodynamics and symmetry considerations suffice to explain the lightscattering spectra qualitatively as they change from liquid to solidlike. The results will be derived without any assumptions about nonhydrodynamic variables ͑and their couplings͒ and will also not depend on specific light-scattering mechanisms nor molecular parameters like shape, dipole moment, polarizabilities nor chirality. The set of slow variables we consider are the standard slow hydrodynamic variables of liquids, density n(q), current density j(q), and temperature ⌰(q) ͑connected to energy conservation͒, and the slow structural relaxation of supercooled liquids enters via a few memory functions. We thus provide a general framework for the analysis of light-scattering spectra in supercooled molecular liquids, which we expect will prove useful either for phenomenological discussions using fit functions for the memory kernels-we will list all restrictions on these fit functions-or for the consideration of specific scattering mechanisms. Our central technique for simplifying the spectra consists in small-wave-vector expansions of the memory functions as should be appropriate for disordered systems. Thus we adopt the idea of generalized hydrodynamics, which extends the regular hydrodynamic approach to larger frequencies. In detail, we use the one suggested by Götze and Latz ͓14͔ as it provides a physically reasonable description of glassy systems. Finally, we also derive Green-Kubo formulas, which enable e.g., computer simulations, to determine the memory functions and thus the complete spectra directly.
Our assumptions pertain to the systems under consideration and can be tested experimentally: We consider only the lowest nontrivial orders in wave-vector transfer q, in order to find general results for the light scattering from amorphous, dielectric, macroscopically isotropic and optically inactive materials within the framework of linear response, classical statistical mechanics, and classical electromagnetism. The condition qaӶ1, where a denotes either a typical molecular size, the average particle distance, or a collective correlation length, appears well satisfied for supercooled molecular liquids but excludes studies of critical phenomena. Electromagnetic retardation also can be neglected for Ӷcq, where c is the speed of light.
The general formulas for the spectra and constitutive equations are presented in Sec. II. Section III lists the central results that are discussed in Sec. IV. The results for the depolarized spectra are compared to previous theoretical approaches in Sec. V, and conclusions in Sec. VI summarize our results. More technical aspects are contained in Appendices A and B, and Appendix C outlines the application of our general results to specific light-scattering mechanisms.
II. GENERAL FORMULAS

A. Dielectric fluctuations
In a light-scattering experiment a laser beam at frequency i induces a polarization in a transparent sample, which starts to radiate. For a homogeneous sample the radiated waves interfere constructively only in the forward direction at the same frequency as the incident wave. However, the dielectric permeability fluctuates in space and time around its average and therefore additionally a ͑diffusive͒ scattering occurs. In general, this scattering spectrum reflects the dynamical processes in the sample and depends on the frequency of the incident, i , as well as the scattered wave, f . A simplification is possible if one considers only small frequency shifts, ϭ i Ϫ f with ͉͉Ӷ i . Then dynamical dielectric fluctuations "⑀ i j (q,t)͉⑀ kl (q)… determine the scattering cross sections completely ͓7͔. Here the Kubo scalar product, "A(t)͉B…ϭ(1/k B T)͗␦A(t)*␦B͘, is used, with T temperature and k B Boltzmann's constant.
The fluctuation ␦⑀ i j (q,t) has even time-reversal symmetry, is a symmetric tensor of second rank, and, as Fourier transform of a real quantity, fulfills ⑀ i j (Ϫq,t)ϭ⑀ i j (q,t)*. In particular, the long-wavelength limit ⑀ i j (q→0,t) is real. Different Cartesian components i, j,k,l are picked out depending on the polarization directions of the incoming and scattered light ͓1͔; see Appendix A for more details. The dynamical evolution is given by the Liouvillian L via ‫ץ‬ t A ϭiLA. A Laplace transformation-convention f (z) ϭi͐ 0 ϱ dt e izt f (t) for I zϾ0-thus leads to the problem to calculate, for q→0, the matrix elements of:
The spectra at frequency then are given by the imaginary part of "⑀ i j (q,ϩi0)͉⑀ kl (q)… denoted by "⑀ i j (q,)͉⑀ kl (q)…Љ.
B. Generalized hydrodynamics
Light scattering measures large wavelength dielectric fluctuations. Even though qaӶ1 can thus be assumed, the limit q→0 cannot be performed naively in Eq. ͑1͒. Because of density, momentum, and energy conservation, there are poles in the resolvent R(z)ϭ (LϪz) Ϫ1 , which shift to vanishing frequency in this limit ͓15͔. Using the Zwanzig-Mori formalism, these hydrodynamic low-frequency features can be identified. One introduces the reduced resolvent
where the projector Qϭ1Ϫ P projects perpendicular to the hydrodynamic modes:
͑3͒
The standard hydrodynamic formulas are obtained in this approach if the reduced resolvent RЈ(z) is treated in a Markovian approximation, replacing its matrix elements with frequency-independent transport coefficients ͓15͔. Generalized hydrodynamics differs from this by retaining the frequency dependence of RЈ(z) but still neglecting its wavevector dependence. This generalization is required for liquids at lower temperatures as the structural relaxation slows down strongly. Following Ref. ͓14͔ we identify the fluctuating temperature ⌰(q) with the kinetic-energy fluctuations, e K (q), that are orthogonal to the density fluctuations,
Here c V 0 ϭ3k B /2 abbreviates the specific heat per particle of the kinetic degrees of freedom, and Q n is the projector orthogonal to the density. Conservation of the total energy e(q)ϭe
where superscripts L indicate the longitudinal part, j L ϭq•j/q, e P (q) is the potential energy, and j e (q) the totalenergy current. Note that since "⌰(q)͉e P (q)…ϭ0 one can replace Q n e P (q)ϭQe P (q). The hydrodynamic variables are orthogonal with normalizations: "n(q)͉n(q)…ϭNS(q)/k B T,
Here, n is the average density of N molecules, m the molecular mass, and S(q) is the equilibrium center-of-mass structure factor; ␦ kl is Kronecker's symbol. Throughout the following we will neglect wave-vector dependencies caused by molecular length scales, and replace, e.g., the structure factor by its homogeneous limit given by the isothermal compressibil-
Considering, in generalized hydrodynamics ͓16͔, the fluctuating temperature instead of energy fluctuations rests upon the experimental observation that the heat conduction of glasses and liquids is not drastically different. This aspect is discussed in Refs. ͓14,17͔ where the generalized hydrodynamics also is tested by molecular-dynamics simulations. This formulation of generalized hydrodynamics accounts straightforwardly for a frequency-dependent isochoric specific heat.
C. Decomposition of dielectric fluctuations
The exact resolvent calculus sketched in the previous section thus provides a reformulation of Eq. ͑1͒, see Eq. ͑A14͒ in Ref. ͓14͔. The reduced dynamics RЈ(z) and the projector P, which projects onto the hydrodynamic variables, appear
Thus the coupling of the dielectric fluctuations to the hydrodynamic variables is found; explicitly it is given when writing out PR(z) P in Eq. ͑5͒. Additionally there is a background spectrum, the first term on the right-hand side of Eq.
͑5͒.
Since the hydrodynamic modes have been projected out ͑generalized͒ hydrodynamics postulates that the limit q→0 in RЈ(z) can now be performed safely. This leads to the well-known result for Raman scattering ͓7͔: The background spectrum consists of scalar, and symmetric-traceless-tensor scattering
Explicit expression for S(z) and T(z) can be obtained by choosing special linear combinations of the dielectric tensor. Let s 00 ϭ͓⑀ xx ϩ⑀ yy ϩ⑀ zz ͔/3 denote the long-wavelength limit of the scalar part and t 20 ϭ͓2⑀ zz Ϫ⑀ xx Ϫ⑀ yy ͔/ͱ12 the ͑helic-ity͒ ϭ0 component of the corresponding spherical tensor t 2 ͑the prefactors are conventional͒. Then, S(z) ϭ(s 00 ͉RЈ(z)͉s 00 ) and T(z)ϭ(t 20 ͉RЈ(z)͉t 20 ) are the scalar and the tensor correlations. Let us state here explicitly that we assume that the long-wavelength static correlations of the dielectric tensor are characterized by two numbers only and are independent of the direction of q→0. Both spectral contributions S(z),T (z) are autocorrelation functions of real variables with even time inversion symmetry. Their spectra thus are even and non-negative.
In order to simplify the discussion of the couplings to the hydrodynamic variables in Eq. ͑5͒, it is useful to consider the corresponding generalized constitutive equations ͓14,15͔. These describe the temporal decay of the deviations in a variable, say in ␦⑀ i j (q,t), produced by an adiabatic perturbation with external fields coupling to the conserved variables, after the perturbations are switched off at time tϭ0:
͑7͒
where the ͑orthogonal͒ hydrodynamic variables are abbreviated: A 1 ϭn(q),A 2 ϭ⌰(q), A 3 ϭ j x (q),A 4 ϭ j y (q), and A 5 ϭ j z (q). The special choice of the external perturbation considered in the constitutive equation, Eq. ͑7͒, prepares a fluctuation in ͗␦⑀ i j (q,t)͘, which decays slowly because it requires decay of fluctuations of the conserved variables at large wavelengths, O(1/q). Thus the time evolution of ͗␦⑀ i j (q,t)͘ in Eq. ͑7͒, is determined by time-dependent couplings to the generalized hydrodynamics of the distinct variables. As seen via a Laplace transformation, the identical couplings appear in Eq. ͑5͒ as in Eq. ͑7͒, expressing that via these couplings, close to equilibrium, dielectric fluctuations at long wavelengths acquire slow hydrodynamic components. Equation ͑5͒ further identifies the nonhydrodynamic components contributing to the background. The first term on the right-hand side of Eq. ͑7͒ describes static or instantaneous couplings, whereas the second term describes dynamic couplings that need time to build up and may be characterized by a finite response time. These will become important when approaching the glass transition upon cooling as then the structural relaxation times increase.
Density fluctuations are coupled to the dielectric fluctuations statically via the scalar scattering mechanism only, as follows from Eq. ͑7͒ when inserting the projector P from Eq. ͑3͒:
The dynamic coupling vanishes because Ln(q)ϭq k j k (q) is again a hydrodynamic variable. Furthermore the scalar density cannot couple to the dielectric tensor fluctuations t 2 in the limit q→0. Similar arguments hold for the coupling of the temperature to the dielectric fluctuations. Since the kinetic energy is not conserved, there is a dynamic coupling in addition to the static one. In order to guarantee conservation of the total energy, Eq. ͑4͒ is used. Observing (LQe P ͉RЈ(z)ϭ(Qe P ͉ ϩz(e P ͉RЈ(z) and rearranging terms one finds to lowest order in q c V 0 "⌰͑q͉͓͒1ϪLRЈ͑z ͔͉͒⑀ i j ͑ q͒… ϭ␦ i j ͕͑Q n e͉s 00 ͒ϩz"e P ͉RЈ͑z ͉͒s 00 …͖ϩO͑q ͒. ͑9͒
Further couplings of order q can be ignored. The dynamic coupling in Eq. ͑9͒ arises from the separation of the totalenergy fluctuations into fast kinetic and ͑possibly͒ slow potential ones. Thus the simplified handling of the reduced resolvent in this generalized hydrodynamics has to be paid by an additional frequency-dependent coupling to temperature fluctuations.
Finally for the coupling of dielectric fluctuations to current fluctuations
one finds a purely dynamical coupling, as first recognized within so-called two variable models ͓2,3͔. A static coupling is excluded, since the currents j k and the dielectric tensor ⑀ i j have different time-reversal symmetry. The dynamic coupling to the stress tensor, kl , which appears because of mo-mentum conservation, Lj k (q)ϭ ͚ l q l kl (q)/m, can be evaluated in the long-wavelength limit:
Here pϭ͓ xx ϩ yy ϩ zz ͔/3 and 20 ϭ͓2 zz Ϫ xx Ϫ yy ͔/ͱ12 denote the long-wavelength limits of the pressure and of the transversal stress tensor. According to the basic assumption of ͑generalized͒ hydrodynamics ͓14,15͔, one has to keep terms only to the order indicated, the remaining ones are assumed to be regular with respect to frequency z in the limit q→0.
III. RESULTS
From Eqs. ͑5͒ to ͑11͒ the light-scattering spectra follow if a scattering geometry is chosen and the appropriate tensor elements are calculated; see Appendix A for the used geometry. Polarizations vertical to V, or in the scattering plane H, are considered, where the standard abbreviation I io denotes polarizations for incoming and outgoing light. The spectra depend on q, and scattering angle . We find I HV (q,,)ϭI VH (q,,) as predicted by Rayleigh's reciprocity theorem ͓1͔.
A. Total scattered intensities
The total scattered intensities ͑except for standard coefficients ͓1͔͒ can be obtained directly from Eq. ͑A4͒ in Appendix A and consist of scalar and tensor scattering ͓7͔: 
͑14͒
The intensities are wave-vector independent as the limit qa Ӷ1 is considered in systems where all molecular correlations are short ranged. The conservation laws affect the spectral shapes only, i.e. cause low-lying hydrodynamic lines, but do not lead to long-ranged static correlations. Concurrently, the static couplings of the conserved variables to the dielectric fluctuations in Eqs. ͑8͒ to ͑10͒ are q independent for small wave numbers. See Sec. IV, for why these results appear violated when considering the hydrodynamic limits.
B. Depolarized spectrum
Using the decomposition of the off-diagonal dielectric fluctuations, Eqs. ͑7͒, ͑10͒, and ͑11͒, one can identify a dynamic coefficient, a VH (z), which describes the coupling to the generalized hydrodynamic variables:
It is a generalized elasto-optic or Pockels' constant familiar from light scattering in solids ͓7͔, and is a real and symmetric function of time, as the two tensor variables determining it are real with even time parity. Its Laplace transform a VH (z), therefore has an even spectrum a VH Љ (). This Pockels' constant describes the dynamic coupling of the transverse current into the dielectric fluctuations and the constitutive equation becomes
͑16͒
From Eqs. ͑5͒ and ͑6͒ follows the general result for the depolarized spectrum:
… denotes the correlation function of the transversal current fluctuations. The spectrum consists of a background arising from the symmetric scattering in Eq. ͑6͒, which commonly is discussed as a Raman line, and of couplings to the current fluctuations. Naively evaluating the depolarized spectrum at vanishing wave vector would neglect this additional contribution. It is small, of order O(q 2 ), but is characterized by a time scale that diverges in the hydrodynamic limit q→0, and therefore dominates the low-frequency spectrum. The full current correlators appear in Eq. ͑17͒, which stresses that no assumptions about translational-rotational coupling are required in order to derive Eq. ͑17͒. Explicitly this has been shown by the derivation of Eq. ͑17͒ for a liquid of spherical particles in Ref. ͓19͔, which was tested in a simulation ͓20͔.
C. Polarized spectra
For the VV spectrum, Eq. ͑11͒ suggests to introduce the elasto-optical constant
It has identical properties as a VH (t) since the tensor variables entering its definition again are real with even time parity. Another time-dependent coupling function arises from the temperature fluctuations as described in Eq. ͑9͒:
where the thermodynamic derivative ϭ(‫ץ‬s 00 /‫ץ‬T) n /n ϭ(Q n e͉s 00 )/(NT) is written, which contains the total energy perpendicular to density fluctuations ͓14͔. Clearly, Eq. ͑19͒ presents a generalized time-or frequency-dependent thermodynamic derivative. The scalar variables entering its time or frequency-dependent term are real with even time parity, and Љ()/ consequently is an even function of . The constitutive equation coupling the fluctuating hydrodynamic variables into ␦⑀ VV (q,t), from Eq. ͑7͒, becomes ͗␦⑀ VV ͑ q,z ͒͘ϭ͑ ‫ץ‬s 00 /‫ץ‬n ͒ T ͗␦n͑q,z͒͘ϩ͑z͒͗␦⌰͑q,z͒͘
where the thermodynamic relation (n͉s 00 ) ϭNn T (‫ץ‬s 00 /‫ץ‬n) T is used. Collecting the terms in Eq. ͑5͒ one obtains when applying the mass-conservation law, which
Here C nn (q,z) denotes the density-density correlation function, C ⌰⌰ (q,z) the temperature-temperature correlation function, etc; see Appendix B. Equation ͑21͒ is our principal result for the VV spectrum. It extends the conventional hydrodynamic spectra to arbitrary frequencies. The smallwave-vector singularities are encoded in the generalized hydrodynamic correlation functions C ␣␤ (q,z), which are determined by the true resolvent R(z), and can thus e.g., be obtained from simulations.
From the information on the depolarized and the polarized spectrum also the I HH spectrum can be obtained even though it is not a simple linear combination. The fluctuating variable coupling to the distinct variables for the HH scattering in the geometry of Appendix A is given by ͗␦⑀ HH ͑ q,z ͒͘ϭϪcos ͑ ‫ץ‬s 00 /‫ץ‬n ͒ T ͗␦n͑q,z͒͘Ϫcos ͑z ͒ ϫ͗␦⌰͑q,z ͒͘Ϫ͓a HH ͑ z ͒cos
where we abbreviated a HH (z)ϭa VV (z)Ϫa VH (z). The general spectrum in the HH geometry now reads
͑23͒
One notices that even for a general molecular fluid, transverse current fluctuations do not couple into the HH spectrum.
D. Generalized Green-Kubo relations
Ten frequency-dependent matrix elements built with the reduced resolvent RЈ(z) have been identified in the expressions for the light-scattering spectra in supercooled liquids. Five generalized transport coefficients and thermodynamic derivatives are needed in order to describe the correlators of the hydrodynamic variables ͓14͔. They are the shear viscosity K s (z), the thermal conductivity (z), the dynamic specific heat c V (z), the dynamic tension coefficient ␤(z), and the longitudinal stress relaxation kernel K l (z) ͑explicit expressions are summarized in Appendix B͒. The remaining five frequency-dependent kernels encode the details of the light-scattering process: S(z), T(z), a VH (z), a VV (z), and (z).
These expressions involving reduced resolvents are very suitable for approximations, since they do not exhibit hydrodynamic singularities. In order to determine them from other theoretical approaches or from computer simulations, it is, however, more convenient to find a formulation in terms of correlation functions involving the full dynamics. For the considered cases at qϭ0, this is made possible by the conservation laws that allow one to derive Green-Kubo relations for the memory functions or transport coefficients expressing them in terms of autocorrelation functions of the corresponding fluxes or time integrals thereof ͓15,16͔. From the identity ͓14͔:
one observes that the reduced matrix elements can be rewritten as full matrix elements and correlation functions of the hydrodynamic variables contained in PR(z) P with frequency-dependent coefficients. Since for q→0 the coefficients involving Ln q and Lj q vanish due to particle and momentum conservation, only the temperature fluctuations contribute to the frequency dependence of the coefficients. To derive a generalized Green-Kubo relation, we only need variables X ϭQX and Ỹ ϭQY , respectively. Therefore all static couplings X ͉PR(z) P to the hydrodynamic variables in Eq. ͑24͒ will vanish too and the generalized Green-Kubo relation is given by
Here we made use of Eqs. ͑4͒ and ͑B3͒ in the limit q→0 and of the identity RЈ(z)LQϭQϩzRЈ(z). Rotational invariance implies that the second term in Eq. ͑25͒ is nonzero only for scalar variables X,Y . Thus, e.g., the standard Green-Kubo relations for the shear viscosity, XϭY ϭ 20 , and heat diffusion, XϭY ϭ j e L , are found. Moreover, it follows that in the elasto-optic constant a VH (z), Eq. ͑15͒, and in the tensor background spectrum T(z), Eq. ͑6͒, the reduced resolvent can be replaced with the full dynamics.
In order to obtain tractable expressions for the remaining kernels and make contact with the standard Kadanoff-Martin approach ͓16,18͔, we define another, the conventional, fluctuating temperature by c V T (q)ϭe(q)Ϫn(q)(e͉n)/(n͉n), with normalization (T (q)͉T (q))ϭNT/c V . Also, let Q denote the projector orthogonal to density, currents, and T (q). Choosing XϭY ϭe P in Eq. ͑25͒ one finds
Since Qe P ϭQ e P ϩ(c V Ϫc V 0 )T the left-hand side implicitly contains hydrodynamic poles due to energy conservation. However,
and, according to Kadanoff-Martin, the first term on the right-hand side is free of poles in the limit z→0 ͓18͔. Combining Eqs. ͑26͒ and ͑27͒ one derives
͑28͒
In the liquid phase the dynamic specific heat attains its thermodynamic value c V (z)→c V for z→0. Equation ͑28͒ demonstrates explicitly that the Götze-Latz resolvent RЈ(z) indeed is devoid of all hydrodynamic singularities and is compatible with the conventional Kadanoff-Martin formalism. It differs in an explicit frequency dependence of c V (z), which arises from the splitting of the conventional temperature fluctuations T (q,t) into fast, kinetic ones ⌰(q,t) and structural slow ones. Similarly, substituting Xϭp and Y ϭe P in Eq. ͑25͒ yields
͑29͒
where ␤ 0 ϭ(p͉Q n e K )/(NmT). Since QpϭQ p ϩm␤ 0 Q e P /c V 0 ϩm(␤Ϫ␤ 0 )T , the left-hand side can be written as
Again the memory kernels appearing on the right-hand side are regular in the low-frequency limit. Collecting terms leads to the generalized Green-Kubo formula for the dynamic tension coefficient
In a similar fashion the corresponding Green-Kubo formulas for the dynamic temperature coupling, the scalar background spectrum, the remaining term contributing to a VV (z), and the longitudinal stress-stress correlation function can be obtained:
In particular, the last term on the right-hand side of Eq. ͑35͒ is related to the longitudinal viscosity i l ϭ"Q L (z →0)͉Q L …n/N. Therefore in the low-frequency limit where c V (z)ϭc V ϩizc V Љ , and ␤(z)ϭ␤ϩiz␤Љ one finds
To summarize, all ten frequency-dependent kernels can be expressed in terms of the full resolvent R(z), and therefore they can be obtained directly from molecular-dynamics simulations.
IV. DISCUSSION
A. Depolarized spectra
The depolarized frequency-dependent spectrum, Eq. ͑17͒, shall be discussed in detail as it provides the most compact expression but also exhibits clear qualitative changes when supercooling the liquid. It consists of three frequencydependent contributions, a background, the Pockels constant, and the transverse current correlator.
The current correlators can be taken from theories for the dynamics of the liquid under study or from computer simulations. Alternatively, the generalized hydrodynamic approach shifts the problem of calculating the transverse correlator to the problem of calculating correlations of the transversal-stress tensor, namely, the frequency-dependent shear modulus, K s (z)ϭ" 20 ͉RЈ(z)͉ 20 …n/N, where the resolvent devoid of hydrodynamic fluctuations from Eq. ͑2͒ appears again. The separation of the hydrodynamic poles from structural relaxation thus is achieved leading to ͓14͔:
The result from hydrodynamic theory for the depolarized light scattering from equilibrium molecular liquids can be obtained if the frequency dependence of memory functions built with the reduced resolvent RЈ(z) is neglected by using the Markovian low-frequency limit. Then the depolarized Pockels' constant becomes purely imaginary:
Therefore, and using the standard hydrodynamic result for the shear viscosity, K s (z→0)→i s , one recovers the result for the depolarized spectrum first obtained within simple models in Refs. ͓2,3͔:
The transverse momentum diffusion cuts a central line of half-width q within hydrodynamics the background is structureless, and that the spectrum is positive owing to an elementary Schwartz inequality, (t 20 ͉t 20 )( 20 ͉ 20 )у( 20 ͉t 20 ) 2 . The structural relaxation of liquids cooled down to and below the melting temperature, slows down strongly, and the frequency dependence of the memory functions with reduced resolvent, can no longer be neglected; for a discussion of structural relaxation, see e.g., the review ͓21͔. The result in Eq. ͑17͒ can handle this situation, as the memory functions built with RЈ(z)-there are 3 in Eqs. ͑17͒ and ͑37͒-may either be modeled appropriately or can be taken from other theories or simulations. Within the generalized hydrodynamic approach, a glass or amorphous solid is obtained whenever a structural relaxation process, with time scale ␣ , is slow compared to the hydrodynamic frequencies. Assuming further that the dynamics in RЈ(t) at shorter times, denoted by ␤ , can be neglected for this frequency range, then the memory functions in Eq. ͑17͒ can be approximated by
for 1/ ␣ Ӷ͉z͉Ӷ1/ ␤ . This is equivalent to time-independent values, K s (t)ϭG ϱ and a VH (t)ϭa VH ϱ for ␤ Ӷt Ӷ ␣ . Therefore, the poles in Eq. ͑40͒ are called nonergodicity poles as they describe frozen-in, nonrelaxing components. G ϱ ϭmnc T 2 is the glassy shear modulus familiar from Maxwell's model and a HV ϱ is the Pockels' constant ͑often denoted P 44 ) quantifying the elasto-optic coupling in the glass ͓7͔. Whereas G ϱ and ⌫ s need to be positive, the sign of a HV ϱ is undetermined; a next-to-leading imaginary part in a HV exists in principle but does not contribute to the spectrum in the hydrodynamic limit. Equations ͑17͒ and ͑40͒ predict for the hydrodynamic glass spectrum:
͑41͒
Two transverse phonon peaks characterized by the transverse sound velocity c T , and a width ϰq 2 ⌫ s , appear, which are described as damped harmonic oscillations. The background consists of a central line, which cannot be resolved and a structureless continuum T(z)ϭϪT ϱ /zϩiT g Љ .
Note, that both hydrodynamic expressions, Eqs. ͑39͒ and ͑41͒, do not fulfill the sum rule for the total intensity, Eq. ͑13͒, and imply wave-vector-dependent total scattered intensities. The reasons, of course, are the Markovian approximations in Eqs. ͑17͒ and ͑40͒, which are restricted to describe the dynamics in the hydrodynamic range. Nontrivial spectra obtained in glasses on frequency scales characterized by ␤ ͓22͔ also require more elaborate expressions for the memory functions in Eq. ͑17͒.
For temperatures around the liquid-to-glass crossover at T c , neither the assumption ␣ ӷ1, nor the estimate ␤ Ӷ1 hold and the depolarized spectra exhibit anomalies ͓23͔. The mode coupling theory of the structural relaxation there suggests modeling the reduced resolvent as
Ϫ␤ CD ϩ(Ϫizt 0 ) a ͔/z for TϷT c , and similar expressions for the other two memory functions. Whereas the Cole-Davidson behavior ͑the first two terms͒ is a ͑rough͒ model of the ␣ process, and ␤ CD -as well as ␣ -will differ for different resolvent matrix elements, the power law with exponent a describes the universal ''critical'' decay close to the transition. Here t 0 is a microscopic time and the exponent a and the ͑true, universal͒ exponent b of the high-frequency von Schweidler wing of the ␣ process,
Ϫb /z, are related; see e.g., the review ͓21͔ for further information.
B. Polarized spectra
The most prominent feature of the polarized spectrum, the Brillouin peaks, arise from propagating sound waves. Upon cooling the liquid, structural relaxation manifests itself predominately by a gradual change of the sound velocity and the damping constant. Considering the enormous increase of the transport coefficients, e.g., the longitudinal viscosity that describes the damping in the liquid, this clearly points out the necessity to consider the frequency dependence of the reduced resolvent as done in generalized hydrodynamics. Furthermore, the couplings a VV (z),(z) as well as the background spectra S(z),T (z) exhibit nontrivial z dependencies in the frequency regime of interest.
The structural relaxation of the Pockels' constant a VV (z) ͑with numerically different constants͒ can be modeled as given in Eqs. ͑38͒ and ͑40͒ and as described at the end of the previous section. The explicit factor z in the frequencydependent part in (z), Eq. ͑19͒, cancels a possible nonergodicity pole. The coupling to temperature fluctuations interpolates smoothly between its low-frequency thermodynamic value (‫ץ‬s 00 /‫ץ‬T) n and a high-frequency coupling, ϱ , characteristic for a glass. A renormalization also appears in the effective coupling to the density fluctuations, which in Eq. ͑21͒ is described by the Pockels' constant P 12 ϭ(‫ץ‬s 00 /‫ץ‬n) T ϩza VV (z) and in Eq. ͑23͒ by (P 12 cos ϪP 44 ), respectively, where P 44 ϭza VH (z). Note, that the frequency-dependent renormalization of (‫ץ‬s 00 /‫ץ‬T) n in Eq. ͑19͒ vanishes, if only the hydrodynamic fluctuations, density and temperature, contribute to the scalar scattering; then also a VV (z)ϭ 2 3 a HV (z). In order to obtain the spectrum in the true hydrodynamic limit one substitutes the appropriate correlation functionssee Appendix B-and replaces all memory functions with their low-frequency limits; only in c V (z), ␤(z), and (z) linear terms in z need to be kept as can be seen from Eqs. ͑28͒, ͑31͒, and ͑32͒. There are the three familiar hydrodynamic resonances superimposed on the Raman background: the Brillouin doublet of sound modes and the Rayleigh heat pole. The spectrum is obtained from determining the residues of these poles to lowest order in frequency and wave vector.
where the adiabatic sound velocity cϭͱ␥/(mn T ), the longitudinal sound damping ⌫ l ϭD T (␥Ϫ1)ϩ l /(mn), and the heat diffusion constant D T ϭЉ/c P appear ͑see Appendix B for details͒. The Pockels constant is given by the thermodynamic derivative, P 12 ϭ‫ץ‬s 00 /‫ץ‬n) T , and the flat background consists of scalar and tensor parts. Neglecting contributions from temperature fluctuations, X R ϭX Br ϭ1, one regains the well-known result for light scattering from ͑hydrodynamic͒ density fluctuations ͓1,7,15͔. Then, the Landau-Placzek result (␥Ϫ1) is recovered for the relative intensity of the Rayleigh to the Brillouin lines, where ␥ϭc P /c V denotes the ratio of the isobaric to isochoric heat capacity ͓1,7,15͔. In the general case, scattering from temperature fluctuations leads to ͑presumably small͒ corrections: X R ϭ͓1Ϫ(c 0 2 /␤) ϫ(/P 12 )͔ 2 and X Br ϭ͓1ϩ(␥Ϫ1)(c 0 2 /␤)(/P 12 )͔ 2 . For the glass, ␣ ӷ1, actually the identical formula holds where, however, the isothermal compressibility, the sound velocity and damping constants, as well as the couplings and the background-compare Eqs. ͑39͒ and ͑41͒-are renormalized. The high-frequency values of the memory functions appear in the formally identical definitions of c, D T , and ⌫ l , where, in the frequency window 1/ ␣ Ӷ Ӷ1/ ␤ , simple Markovian expressions like c V (z)ϭc V ϱ ϩizc V,g Љ are appropriate for ergodic matrix elements ͓c V (z), ␤(z), (z), and (z)], and frozen-in components, leading to
, and in the Raman background lines. Thus, e.g., the expression for the Pockels constant becomes: P 12 ϱ ϭ‫ץ‬s 00 /‫ץ‬n) T Ϫa VV ϱ . A nontrivial renormalization appears in the isothermal sound velocity or equivalently the isothermal compressibility, because of the frozen structural relaxation in the longitudinal friction function:
as first observed by Mountain ͓6͔ and predicted from microscopic expressions by the mode-coupling theory ͓21͔. The glass is less compressible than the corresponding liquid. Thus the glass sound velocity is c ϱ ϭͱ␥
Note that the reduction of the Brillouin and Rayleigh intensities described by Eqs. ͑42͒ and ͑43͒ is caused by the appearance of frozen-in density fluc-tuations ͑an elastic line called the Mountain line͒ that contribute the missing weight, Nn T ͓(‫ץ‬s 00 /‫ץ‬n) T
For the HH spectrum let us just mention that for ϭ/2, Eq. ͑23͒ simplifies considerably, since the scalar scattering drops out completely. For frequencies ␣ Ӷ1, a VH (z)→ia VH Љ holds again, and one finds
͑44͒
The hydrodynamic modes are suppressed by a factor of 2 , e.g., the Brillouin line cuts a Lorentzian with half-width q 2 ⌫ l and amplitude N(a VH Љ ) 2 /(m⌫ l ) out of a flat background.
C. Intensity ratios
Interesting intensity ratios can be constructed if the scattered intensities with different polarizations of the light before and after the scattering process are considered. The standard depolarization ratio compares the off-resonance ( ӷcq) frequency-dependent background intensities neglecting all hydrodynamic modes:
р3/4.
͑45͒
The expected depolarization ratio 3/4 is recovered if the only scalar scattering mechanisms are density and temperature fluctuations.
V. COMPARISON WITH PHENOMENOLOGICAL APPROACHES
It appears worthwhile to discuss earlier phenomenological approaches within our general framework. Again we shall concentrate on the depolarized spectrum, which has been the focus of a long list of theoretical descriptions.
The original approach of Andersen and Pecora ͓2͔ and Keyes and Kivelson ͓3͔ captures the spectra as predicted by hydrodynamic theory. The two or three variable approaches in Refs. ͓2,3͔ go beyond hydrodynamics as they model the background spectrum as a ͑sum of͒ Lorentzian͑s͒. Vaucamps et al. extended this approach by adding a further Maxwell relaxation to the shear modulus ͓8͔. More elaborate models, which identify slower and faster relaxing processes in the shear modulus K s (t), were suggested in Refs. ͓9-11͔. Models with more than two variables can be brought into a form suggested by a simple viscoelastic approximation ͑VA͒ to our general result, Eq. ͑17͒:
͑46͒
where Aϭ(qa VH ϱ cos /2) 2 N/(mT ϱ ) and Eq. ͑46͒ gives a simplified ␣-process only description akin to Maxwell's model. The multivariable phenomenological models, however, rest on specific assumptions about the rotationaltranslational coupling in order to obtain closed equations of motion. Such additional equations, which are not fully constraint by hydrodynamics or symmetry, are not required in our approach. Because of their specific choices, the models in Refs. ͓9-11͔ introduced constraints on the coupling parameters in order to describe spectra in supercooled liquids; see Ref. ͓13͔ for a detailed discussion of this aspect. Note that the ␣-process only model, Eq. ͑46͒, is restricted to low frequencies as can be seen from the vanishing damping of the shear waves in glass, see Eq. ͑41͒.
The introduction of retardation effects via memory functions in the work of Wang ͓10͔ and Dreyfus et al. ͓12, 13͔ removed constraints on the coupling parameters, and, within the latter phenomenological approach, an expression formally equivalent to Eq. ͑17͒ was given; for linear molecules, corresponding microscopic expressions have been suggested ͓24͔.
VI. CONCLUSIONS
In this paper we discussed the light-scattering spectra for a one-component molecular liquid incorporating slow structural relaxation and thus extending the description to supercooled liquids and glasses. In contrast to earlier phenomenological approaches, no assumptions are made on the nature of the scattering mechanisms nor on the origin of the structural relaxation. Molecules of arbitrary shape and polarizabilities are considered.
From our exclusive use of symmetry arguments it follows that any phenomenological approach complying with generalized hydrodynamics, regardless of the physical mechanisms assumed or nonhydrodynamic variables included, must obey the formulas of Secs. II and III. For an analysis of experimental data, our paper provides a framework clarifying the number of required frequency-dependent kernels, their interpretation, and their most general functional forms.
Our results are akin to the theory of neutron scattering where it is shown that, in general, density fluctuation functions are measured without the need for special models of their dynamics ͓15,16͔. For example, Eqs. ͑17͒ and ͑37͒ indicate how the shear viscosity can be measured by light scattering, without specifying what microscopic dynamical mechanisms contribute to the decay of transverse currents.
We give explicit microscopic formulas for the background spectrum and the elasto-optical constants that can serve as a starting point for approximations once a choice for the scattering mechanism is made. For isotropic particles considering dipole-induced-dipole scattering this has been performed in Ref. ͓19͔. Alternatively, computer simulations could be employed. Our central assumption is to consider systems characterized by short-ranged equilibrium correlations. Thus we can neglect the wave-vector dependence in matrix elements describing the structural relaxation leading to Green-Kubo-like formulas for the memory functions as familiar from simple hydrodynamics.
Whereas previous approaches were mainly concerned with the nature of the depolarized spectrum and correspondingly therefore attribute the scalar fluctuations to a combina-tion of density and temperature fluctuations, we carefully make the distinction between dielectric fluctuations coupled to hydrodynamic modes and the ones orthogonal thereto. Consequently one obtains a theory that combines conventional Brillouin and Raman scattering. For example, molecular vibrations or rotational motion give rise to scalar as well as tensor scattering, which appears as background to the hydrodynamic resonances and are included in our framework.
An important aspect of our results is that no assumptions on, e.g., translational-rotational coupling or about the concrete description of the structural relaxation were necessary. The general aspects of the light-scattering spectra were worked out and correlation functions were defined, which can, in principle, be measured experimentally, and which contain the general information about the dynamics of the sample under study.
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APPENDIX A: SCATTERING GEOMETRIES
The scattering plane, i.e., the plane that contains both the wave vectors k i ,k f of the incident and scattered wave, is chosen as the xz plane. The direction of the momentum transfer qϭk i Ϫk f is taken to be (0,0,Ϫq). Since we consider only small frequency shifts ͉k i ͉Ӎ͉k f ͉ the scattering angle ϭЄ(k f ,k i ) is related to the momentum transfer via qϭ2k i sin(/2). The dielectric fluctuations corresponding to the conventional scattering geometries, namely, polarization perpendicular ͑V͒ to and in the scattering plane (H) 
